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Rationally connected rational double covers
of primitive Fano varieties
Aleksandr V. Pukhlikov
We show that for a Zariski general hypersurface V of de-
gree M + 1 in PM+1 for M > 5 there are no rational maps
X 99K V of degree 2, where X is a rationally connected va-
riety. This fact is true for many other families of primitive
Fano varieties, either. It generalizes easily for rationally con-
nected Galois rational covers with an abelian Galois group
and motivates a conjecture on absolute rigidity of primitive
Fano varieties.
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1. Statement of the main result. the symbol P stands for the complex
projective space PM+1, whereM > 5. Set F = P(H0(P,OP(M+1))) to be the space
of hypersurfaces of degree M + 1 in P. If a hypersurface V ∈ F is factorial, then
Pic V = ZH , where H is the class of a hyperplane section. In [1, 2] it was shown that
there exists a non-empty Zariski open subset Freg ⊂ F , such that every hypersurface
V ∈ Freg is factorial, has at most terminal singularities (and, therefore, is a Fano
variety of index 1) and satisfies the following property: for every effective divisor
D ∼ nH the pair (V, 1
n
D) is canonical, that is to say, for every prime exceptional
divisor E over V the inequality, which is opposite to the Noether-Fano inequality,
holds,
ord E D 6 n · a(E),
where a(E) is the discrepancy of E with respect to V . The paper [1] considered
non-singular hypersurfaces for M > 5, the paper [2] considered hypersurfaces with
at most quadratic singularities, the rank of which is bounded from below, forM > 9;
it was shown that in the latter case the set Freg can be chosen in such a way that
the inequality
codim ((F \ Freg) ⊂ F) >
(M − 6)(M − 5)
2
− 5
holds. The following theorem is the main result of the present paper.
Theorem 1. For V ∈ Freg there are no rational maps X 99K V of degree 2,
where X is a rationally connected variety.
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This fact is easy to generalize (no changes in the proof are needed) in the following
two directions. Firstly, we say that a rational dominant map X 99K V of varieties of
the same dimension is a rational Galois cover, if the corresponding field extension
C(V ) ⊂ C(X) is a Galois extension. If the corresponding Galois group is cyclic, we
say that this rational map is a rational cyclic cover.
Theorem 2. For V ∈ Freg there are no rational Galois covers X 99K V with an
abelian Galois group, where X is a rationally connected variety.
It seems that a similar claim holds for rational Galois covers with a non-abelian
Galois group, either, however, the proof requires some additional work, see Remark
1 in Sec. 5.
Secondly, Theorems 1 and 2 extend to all classes of primitive Fano varieties, for
which the equality of the global canonical threshold to one (or, in the terminology
of [1], the property of divisorial canonicity) was shown:
• double spaces of index 1 and dimension > 3, see [1],
• a majority of the families of Fano complete intersections of index 1 in the
projective space [3, 4, 5],
• finite, not necessarily cyclic, covers of index 1 of the projective spaces [6].
This list is probably not complete: computing or estimating the (log) canonical
thresholds has become a popular topic, see [7, 8, 9, 10] and other works in this
direction.
Theorem 1 motivates the following conjecture about primitive Fano varieties.
Conjecture 1. (Absolute rigidity.) For a Zariski general hypersurface V ∈ F
every rational dominant map X 99K V , where X is a rationally connected variety of
dimension dim V =M , is a birational map.
A similar conjecture can be formulated for all classes of primitive Fano varieties
listed above.
2. Proof of Theorem 1. Assume that there is a rational map σ:X 99K V of
degree 2, where X is a rationally connected variety. We may assume that σ:X → V
is a morphism and X is a non-singular projective variety (of dimension M). Let us
fix X and σ.
We say that a family L of irreducible projective curves on a quasi-projective
variety is free, if they sweep out a dense subset of that variety and for every subvariety
Y of codimension > 2 the subset
{L ∈ L |L ∩ Y 6= ∅}
is a proper closed subfamily of the family L (that is to say, a curve L ∈ L of general
position does not intersect Y ), see [11, Section II.3].
Fix a free family CX of non-singular rational curves on X . We assume in ad-
dition that for every prime divisor ∆ ⊂ X , such that σ∗:TpX → Tσ(p)V is not an
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isomorphism for a point of general position p ∈ ∆ (this is true, in particular, if
codim (σ(∆) ⊂ V ) > 2), a general curve CX ∈ CX meets ∆ transversally at points
of general position. Besides, we assume that for a general curves CX ∈ CX the
morphism
σ|CX :CX → σ(CX)
is birational. In the subsequent arguments we need only the general curve CX ∈ CX ,
so that we remove from CX proper closed subsets when we need it, without special
comments and keeping the same notation CX . Let CV = σ∗CX be the image of that
family on V . The family CV is, generally speaking, not free: if the σ-image of a
prime divisor ∆ ⊂ X is of codimension > 2, then the general curve CV ∈ CV meets
σ(∆).
Proposition 1. There is a birational morphism ϕ:V + → V , where V + is a
non-singular projective variety, such that the strict transform C+V of the family CV
on V + is a free family of curves.
Proof is given in Sec. 3.
Proposition 2. There are a non-singular quasi-projective variety UX , a bira-
tional map ϕ:UX 99K X and a Zariski open subset U ⊂ V
+, such that:
(i) the rational map
σ∗ = ϕ
−1 ◦ σ ◦ ϕX :UX 99K V
+
extends to a morphism σU :UX → V
+, the image of which is U ,
(ii) the inequality
codim ((V + \ U) ⊂ V +) > 2
holds,
(iii) the map σU :UX → U is a double cover, branched over a non-singular hyper-
surface W ⊂ U .
Proof is given in Sec. 4.
Assuming Propositions 1 and 2, let us complete the proof of Theorem 1. By the
inequality (ii) of Proposition 2 a general curve C ∈ C+V does not meet the closed set
V + \ U and for that reason is contained entirely in U . Therefore, for some open
subfamily C ⊂ C+V all curves C ∈ C are entirely contained in U , so that C is a mobile
family of (projective) rational curves on U . By the construction of the family C for
a general curve C ∈ C its preimage
σ−1U (C) = C+ ∪ C−
is a union of two distinct rational curves on the quasi-projective variety UX . The
curves C± sweep out UX . The following inequality holds:
(C± ·KU) < 0,
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where KU is the canonical class of the variety UX . Write
K+V = −ϕ
∗H +
∑
i∈I
aiEi
for the canonical class of the variety V +, where Ei ⊂ V
+ are all the prime ϕ-
exceptional divisors and ai > 0 are their discrepancies with respect to V . Denoting
the restrictions of the divisorial classes onto U by the same symbols and omitting
the symbol ϕ∗, we get
2KU = σ
∗
U
(
−2H + 2
∑
i∈I
aiEi +W
)
, (1)
where W ⊂ U is a non-singular hypersurface, over which the double cover σU is
branched. Collecting separately the components of the hypersurface W , which are
divisorial on V and ϕ-exceptional, write
W = Wdiv +Wexc,
where Wdiv = nH −
∑
i∈I biEi with bi ∈ Z+ and Wexc =
∑
i∈I ciEi with ci ∈ {0, 1}.
Obviously, the inequalities (C ·K+V ) < 0, (C ·Wdiv) > 0 and (C ·Wexc) > 0 hold. At
the same time,
2(C± ·KU) = 2(C ·K
+
V ) + (C ·W ) < 0. (2)
Assume first that n > 2. Then the more so,
n(C ·K+V ) + (C ·W ) =
(
C ·
∑
i∈I
(nai − bi + ci)Ei
)
< 0, (3)
so that for some i ∈ I we have
bi > nai + ci > n · ai
and the pair (V, 1
n
ϕ∗Wdiv) with ϕ∗Wdiv ∼ nH is not canonical, which contradicts
the properties of the variety V . Therefore, n = 1 or 0.
The case n = 1 is impossible: in that case W = ϕ∗Wdiv = ϕ(Wdiv) ⊂ V is a
hyperplane section of the hypersurface V ⊂ P. Let us take on V a non-singular
curve N (of arbitrary genus) of odd degree, which does not meet the set
ϕ(V + \ U) ∪ ϕ
(⋃
i∈I
Ei
)
(4)
and meets the hyperplane sectionW transversally at points of general position (such
curve is easy to construct: for instance, if deg V is odd, then a section of V by a
general 2-plane in P does the job). Its strict transform N+ is contained entirely in
U , and moreover,
σ−1U (N
+)→ N+
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is a double cover of a non-singular curve, branched over an odd set of points, which
is impossible.
The case n = 0 is also impossible: let us choose on the hypersurface V a non-
singular rational curve N , which does not meet the set (4). Then the strict transform
N+ ⊂ V + is contained entirely in U , so that
σ−1U (N
+)→ N+
is a non-ramified double cover of a non-singular rational curve, which is impossible.
Q.E.D. for the theorem.
3. Resolution of a family of curves. In order to prove Proposition 1, let us
construct a sequence of birational morphisms
V0
ϕ1
←− V1
ϕ2
←− · · ·
ϕM−2
←− VM−2 (5)
of non-singular projective varieties, such that
• ϕ0:V0 → V is a desingularization of V ,
• for every closed subset Y ⊂ Vi of dimension 6 i− 1 a general curve Ci ∈ Ci of
the strict transform of the family CV on Vi does not meet the subset Y .
For i = 0 the last claim holds in a trivial way. Let us consider the family C0
of curves, sweeping out the variety V0. It is clear that the set of points Ξ0 ⊂ V0,
which are contained in all curves of the family C0, is finite. Considering some formal
parameterizations of all branches of a general curve C0 ∈ C0 at the points of the set
Ξ0, it is easy to see that there is a finite set of blow ups of points
V0 = V0,0
ϕ1,1
←− V0,1
ϕ1,2
←− · · ·
ϕ1,e(1)
←− V0,e(1),
such that for every point p ∈ V0,e(1) the curves C0,e(1) ∈ C0,e(1) (the last symbol
means the strict transform of the family C0 on V0,e(1)), containing the point p, form
a proper closed subset of the family C0,e(1). Set V1 = V0,e(1) and
ϕ1 = ϕ1,e(1) ◦ · · · ◦ ϕ1,1:V1 → V0.
Consider the next step of our construction. The set of curves Ξ1 ⊂ V1, which
intersect all curves of the family C1, is finite. Considering a sufficiently mobile
family of curves in the quasi-projective variety, parameterizing the curves of the
family C1, we obtain a family of surfaces S1 on V1. By construction, every surface
S1 ∈ S1 contains all curves of the set Ξ1. If D1 is a general divisor of a very ample
system on V1, then, intersecting the surfaces S1 ∈ S1 with D1, we obtain a family of
curves on D1, each of which contains the points of the set Ξ1 ∩D1. Now, arguing as
at the previous step, we see that there is a finite sequence of birational morphisms
V1 = V1,0
ϕ2,1
←− V1,1
ϕ2,2
←− · · ·
ϕ2,e(2)
←− V1,e(2),
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where ϕ2,i first resolves the singularities of some curve Ξ1,i−1 ⊂ V1,i−1, which is
intersected by all curves of the strict transform C1,i−1 of the family C1 on V1,i−1, and
then blow up the non-singular strict transform of the curve Ξ1,i−1. Note that by
construction the image of every curve Ξ1,i−1 on V1 is one of the curves of the set Ξ1
(otherwise, all curves of the family C1 would have passed through some point, which
is not true). Finally, on V1,e(2) there are no curves meeting all curves of the family
C1,e(2). We set V2 = V1,e(2), C2 = C1,e(2) and
ϕ2 = ϕ2,e(2) ◦ · · · ◦ ϕ2,1:V2 → V1.
Carrying on in the same spirit, we construct the whole sequence (5). It goes without
saying that when we construct the birational morphism ϕj:Vj → Vj−1, in order to
show the finiteness of the number of steps ϕj,i (each of which first resolves the
singularities of some subvariety Ξj−1,i−1 ⊂ Vj−1,i−1 of dimension j − 1, intersecting
all curves of the family Cj−1,i−1, and then blow up the non-singular strict transform
of that subvariety) one has to consider a sufficiently mobile family of subvarieties
of dimension j − 1 in the quasi-projective variety, parameterizing the curves of the
family Cj−1, and form the corresponding family of subvarieties of dimension j on
Vj−1, containing all subvarieties of dimension j − 1 on Vj−1, intersecting all curves
of the family Cj−1.
Having constructed the sequence (5), set V + = VM−2 and
ϕ = ϕM−2 ◦ · · · ◦ ϕ1 ◦ ϕ0:V
+ → V.
Obviously, V + has the property, described in the statement of the proposition.
Q.E.D. for Proposition 1.
4. Construction of the double cover. Let us show Proposition 2. The field
extension C(V ) ⊂ C(X) is generated by some element ξ ∈ C(X), satisfying the
equation
ξ2 − q = 0
for some rational function q ∈ C(V ) = C(V +). For some effective divisor R on V +
and sections a0, a1 ∈ OV +(R) we can write q = a0/a1. Consider the hypersurface
{G = 0} ⊂ V + × P1(x0:x1),
where
G = a1x
2
1 − a0x
2
0 ∈ H
0(V + × P1, pr∗V OV +(R)⊗ pr
∗
P
OP1(2)),
the symbols prV and prP mean the projections of V
+× P1 onto the first and second
factor, respectively. This hypersurface is, generally speaking, reducible, but has a
unique irreducible component X0, such that prV (X0) = V
+.
If for some prime divisor T ⊂ V + the hypersurface {G = 0} contains pr−1V (T ),
then a0, a1|T ≡ 0, so that, replacing R by R−mT , where
m = min{ordT (a0), ordT (a1)},
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and a0, a1 ∈ OV +(R) by
a0
smT
,
a1
smT
∈ OV +(R −mT ),
where sT ∈ OV +(T ) is the section, corresponding to the divisor T , we remove the
component pr−1V (T ). Therefore, we may assume from the beginning that the sections
a0, a1 ∈ OV +(R) do not vanish simultaneously on any prime divisor T ⊂ V
+ and
{G = 0} = X0 ⊂ V
+ × P1 is an irreducible hypersurface, by construction birational
to the original variety X .
Now let us consider the singularities of the variety X0. Assume that for some
prime divisor T ⊂ V + there is a subvariety TX ⊂ SingX0, such that
prV (TX) = T.
Let T be the set of all prime divisors on V + with that property. By what was said
above, we may assume that say, a1|T 6≡ 0, which implies that
ordT a0 > 2.
Removing the set of common zeros of the sections a0, a1 ∈ OV +(R), the pairwise
intersections of the divisors T ∈ T (if ♯T > 2) and the sets of singular points Sing T
for all T ∈ T , we obtain a Zariski open set U ⊂ V +, such that codim ((V + \ U) ⊂
V +) > 2, the morphism X0 ∩ pr
−1
V (U)→ U is a finite morphism of degree 2 and for
every divisor T ∈ T the quasi-projective varieties T ∩U and TX ∩ pr
−1
V (U) are non-
singular, and moreover, the projection prV gives an isomorphism of these varieties,
which we for simplicity of notations write down again as T and TX . Now distinct
varieties in T are disjoint.
Thus we have constructed a locally trivial P1-bundle X1 over a non-singular quasi-
projective variety U (of course, X1 = U×P
1) and a hypersurface X1 = X0∩pr
−1
V (U)
which is a double cover of U . The projection X1 → U will be denoted by the symbol
π1.
Now let us construct by induction a sequence of locally trivial P1-bundles over
U :
X1
β1
←− X2
β2
←− · · ·
βk−1
←− Xk,
where βi is an elementary birational transformation over U ,
Xi+1
βi−→ Xi
πi+1 ↓ ↓ πi
U = U,
defined in the following way. Assume that the strict transform Xi ⊂ Xi of the
hypersurface X1 is singular along a subvariety π
−1
i (T ) ∩ Xi = Ti for some T ∈ T .
With respect to a certain trivialization of the P1-bundle Xi/U over an open subset,
intersecting the divisor T , the hypersurface Xi is given by the equation
ai,1x
2
1 − ai,0x
2
0 = 0,
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where, say, ai,1|T 6≡ 0 and ordT ai,0 > 2. The birational transformation βi:Xi+1 → Xi
is the composition of the blow up of the subvariety Ti (by construction, this non-
singular subvariety is a section of the P1-bundle π−1i (T ) → T ) and subsequent
contraction of the strict transform of the hypersurface π−1i (T ). Elementary computa-
tions show that locally in a neighborhood of the generic point of the divisor T the
hypersurface Xi+1 is given by the equation
ai+1,1x
2
1 − ai+1,0x
2
0 = 0,
where ai+1,1|T 6≡ 0 and ordT ai+1,0 = ordT ai,0 − 2. The sequence of transformations
βi stops when the hypersurface Xk ⊂ Xk is non-singular along all subvarieties of the
form π−1k (T )∩Xk, where T ∈ T . Removing, if necessary, from U a closed subset of
codimension > 2, we may assume that the hypersurface Xk is non-singular. Setting
UX = Xk and σU = πk|Xk , we complete the proof of the proposition.
5. Generalizations and remarks. Proof of Theorem 2 repeats the proof of
Theorem 1 almost word for word. Let σ:X → V be a morphism of a non-singular
projective rationally connected variety X of dimensionM , such that the correspond-
ing field extension C(V ) ⊂ C(X) is a Galois extension with an abelian Galois group.
Since the image of a rationally connected variety is rationally connected, we may
assume that the Galois group is a cyclic group of a prime order p > 3. Now we
argue almost word for word as in the proof of Theorem 1. We point out only the
obvious modifications.
For a general curve C ∈ C its inverse image is
σ−1U (C) = C1 ∪ C2 ∪ · · · ∪ Cp,
a union of p distinct rational curves on UX , and moreover, (Ci · KU) < 0 for i =
1, . . . , p. Instead of the formula (1) we have
KU = σ
∗
U
(
K+V +
(
1−
1
p
)
W
)
,
and instead of (2) we have
(Ci ·KU) = (C ·K
+
V ) +
(
1−
1
p
)
(C ·W ) < 0.
Finally, for n > 2, adding to the last formula the expression [
(
1− 1
p
)
n−1](C ·K+V ),
we obtain (3) and complete the exclusion of the case n > 2 in the word for word the
same way as in Sec. 2. The case n = 1 is excluded in an almost word for word the
same way as in Sec. 2, only for the curve N one has to take a curve, the degree of
which is not divided by p. The case n = 0 is excluded in exactly the same way as
for double covers.
We assumed that the claim (iii) of Proposition 2 remains true if we replace a
double cover by a cyclic cover of order p. Let us consider that last issue. Starting
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from the choice of a function ξ ∈ C(X), satisfying the equation ξp − q = 0 for
q ∈ C(V ), we repeat the proof of Proposition 2 (with obvious modifications) and
obtain the variety Xk, which, strictly speaking, is not non-singular. However, using
the elementary transformations, we can ensure that for every prime divisor T ∈ T
in a neighborhood of the generic point of T the variety Xk is given by the equation
aT,1x
p
1 − aT,0x
p
0 = 0,
where, say, aT,1 does not vanish on T , and
ordT aT,0 = lT ∈ {0, 1, . . . , p− 1}.
If lT > 2, then along the subvariety π
−1
k (T ) ∩ Xk the variety Xk has a cuspidal
singularity of the type
tp − slT = 0.
Taking the normalization of the variety Xk or applying the obvious sequence of
blow ups, we obtain the required variety UX that covers U cyclically, and complete
the proof of the analog of Proposition 2 for a cyclic cover of degree p > 3. This
completes the proof of Theorem 2.
Remark 1. It seems that the claim of Theorem 2 is true for rationally connected
Galois rational covers with an arbitrary Galois group, not necessarily an abelian one.
We may assume that X is a non-singular projective variety and the Galois group
of the extension C(V ) ⊂ C(X) is a finite subgroup of the group AutX . Now the
ramification divisor of the finite cover UX → U is invariant with respect to the action
of the Galois group and for that reason is pulled back from U , so that the proofs of
Theorem 1or 2 must work in the non-abelian case, too.
Remark 2. The fact that there are no rationally connected rational double
covers for a hypersurface V ⊂ P of degree M + 1, where M > 5, was obtained from
the property that every pair (V, 1
n
D), where D ∼ nH , is canonical. However, for
certain special hypersurfaces V this is not true: for instance, if V ∩ ToV is a cone
with the vertex at the point o. On the other hand, it seems probable that the claim
of Theorem 1 is true for any smooth hypersurface of index 1 for M > 5 — and,
possibly, for four-dimensional quintics and three-dimensional quartics, for which the
technique of [1] does not prove the property of divisorial canonicity. Note also that
it is hard to see any obstructions for the Conjecture 1 to be true at least for any
smooth hypersurface of index 1 and dimension > 4. At the same time, as Segre’s
example shows, for certain smooth three-dimensional quartics Conjecture 1 does not
hold because they are unirational, see [12].
The author thanks The Leverhulme Trust for the support (Research Project
Grant RPG-2016-279).
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